Invariants of knots and 3— manifolds 
derived from the equi variant linking pairing 

Christine Lescop 

Abstract. Let M be a closed oriented 3-manifold with first Betti number one. 
Its equivariant linking pairing may be seen as a two-dimensional cohomology 
class in an appropriate infinite cyclic covering of the configuration space of 
ordered pairs of distinct points of M. We show how to define the equivariant 
cube Q(M, K) of this Blanchfield pairing with respect to a framed knot K that 
generates Hi (M; Z) /Torsion. 

We present the invariant Q{M,K) and some of its properties including a 
surgery formula. 

Via surgery, the invariant Q is equivalent to an invariant Q of null- 
homologous knots in rational homology spheres, that is conjccturally equiva- 
lent to the two-loop part of the Kontsevich integral. 

We generalize the construction of Q to obtain a topological construction 
for an invariant that is conjccturally equivalent to the whole Kricker rational 
lift of the Kontsevich integral for null-homologous knots in rational homology 
spheres. 



1. Introduction 

1.1. Background. The study of 3-manifold invariants built from integrals 
over configuration spaces started after the work of Witten on Chern-Simons theory 
in 1989 [ Wil, w i th wor k of Axehod, Singer [ASTj [AS2\. Kontsevich [Ko], Bott, 
Cattaneo [BUTI [BC2l [C], Taubes In 1999, in , G. Kuperberg and D. 
Thurston announced that some of these invariants, the Kontsevich ones, fit in with 
the framework of finite type invariants of homology spheres studied by Ohtsuki, 
Le, J. and H. Murakami, Gouss arov , Habho, R ozansky, Garoufalidis, Polyak, Bar- 
Natan (OH IGGP|, ILMOl, [Hat lAll IAH [As] and others. They showed that these 
invariants together define a universal finite type invariant for homology 3-spheres. 
I gave specifications on the Kuperberg-Thurston work in [LI] and generalisations 
in [L2] . 

Similar studies for the knots and links cases had been performed by many other 
authors including Guadagnini, Martellini, Mintchev [GMMj . Bar-Natan [B-Nj . 
Kontsevich [Ko2] . Polyak, Viro [PV] . Bott, Taubes [BT], Altschiiler, Freidel [AF] . 
D. Thurston |Th| . Poirier [Poj . See also the Labastida survey [Lai and the refer- 
ences therein. 
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The above mentioned Kuperberg- Thurston work shows how to write the Cas- 
son invariant A, originally defined by Casson in 1984 as an algebraic number of 
conjugacy classes of irreducible S'C/(2)-representations jAMl IGMl IM] , as 

XiN) 

J(jv\{oo})2\diagonal 

for a homology sphere N (a closed oriented 3-manifold with the same integral 
homology as S^), a point cxd in iV, and a closed 2-form lu such that for any 2- 
component link 

JUL: S'^US^ N\{oo}, 
the linking number of J and L reads 

lk{J,L) = I w. 

J JxL 

In this sense, 6A(-/V) may be viewed as the cube of the linking form of N . 
It can also be expressed as the algebraic triple intersection {Fx , Fy , Fz) of three 
codimension 2 cycles Fx, Fy, Fz of {C2{N) , dC2{N)) (Poincare dual to the previous 

Lu) for a compactification C2{N) of ^(iV \ {oo})^ \ diagonal^ that is a 6-manifold 

with boundary. Here, for any 2-component link {J,L) of {N \ {oo}) as above, the 
linking number of J and L is the algebraic intersection oi J x L and Fx, (or Fy 
or Fz) in the compactification C2{N). A complete definition of A in these terms is 
described in the appendix. 

1.2. Introduction to the results. In the first part of this article, we shall 
present a similar construction for an equivariant cube Q{M,K.) of the equivariant 
linking pairing for a closed 3-manifold M with Hi{M;Q) = Q, with respect to a 
framed knot K — {K, that is a knot K equipped with a parallel K^^, such that 
Hi (M; Z) /Torsion = Z[K] . 

Our invariant will live in the field of rational functions Q{x,y). The simplest 
example of a pair (M, K) as above is the pair {S^ x S^,S^ x u) where x u is 
equipped with a parallel. Note that the choice of the parallel does not affect the 
diffeomorphism class of the pair {M, K) in this case. We shall have 

Q{S^ X S^,S^ xu)^0. 

Furthermore, if iV is a rational homology sphere, and if jJ stands for the connected 
sum, 

Q{MIN,K) = Q(M,K) + 6A(iV) 

where A is the Walker generalization of the Casson invariant normalized like the 
Casson invariant in |AMl IGMl IM] . If X\y denotes the Walker invariant normalized 
as in [W], then A = 

We shall also state a surgery formula in Proposition ll.6l for our invariant, and we 
shall determine the vector space spanned by the differences {Q{M, K') — Q{M, K)) 
for other framed knots K' whose homology classes generate 7Ji(M; Z)/Torsion, in 
Proposition ll.81 This determination will allow us to define an induced invariant for 
closed oriented 3-manifolds with first Betti number one. This latter invariant should 
be equivalent to a special case (the two-loop case) of invariants combinatorially 
defined by Ohtsuki in 2008, in [03', for 3-manifolds of rank one. 

Let Mk be the manifold obtained from M by surgery on K: This manifold is 
obtained from M by replacing a tubular neighborhood of K by another solid torus 
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N{K) whose meridian is the given paraUel of K. It is a rational homology 
sphere and the core K of the new torus N{K) is a null-homologous knot in Mk. 

Our data (M, K) are equivalent to the data {Mk,K). Indeed, M is obtained 
from Mk by 0-surgery on K. Hence our invariant can be seen as an invariant 
of null-homologous knots in rational homology spheres. For these (and even for 
boundary links in rational homology spheres), following conjectures of Rozansky 
[Rlj , Garoufalidis and Kricker defined a rational lift of the Kontsevich integral in 
[Kr|, IGK| , that generalizes the Rozansky 2-loop invariant of knots in of |RH 
Section 6, 6.9]. The two-loop part of this Kricker lift for knots is often called the 
two-loop polynomial. Its history and many of its properties are described in j02j . 
Our invariant shares many features with this two-loop polynomial and is certainly 
equivalent to this invariant, in the sense that if one of the invariants distinguishes 
two knots with equivalent equivariant linking pairing, then the other one does. It 
could even be equal to the two-loop polynomial. 

In 2005, Julien Marche also proposed a similar "cubic" definition of an invariant 
equivalent to the two- loop polynomial [Maj . 

In terms of Jacobi diagrams or Feynman graphs, the Casson invariant was 
associated with the graph 9 and our equivariant cube is associated with the graph 
with hair or beads. 

All the results of the first part of this article are proved in jL3| . 

In the second part of this article, we explain how the topological construction 
of Q{M, K) generalizes to the construction of an invariant of {M, K) that should be 
equivalent to the Kricker rational lift of the Kontsevich integral of null-homologous 
knots in rational homology spheres. 

This article is an expansion of the talk I gave at the conference Chern-Simons 
Gauge theory: 20 years after, Hausdorjf center for Mathematics in Bonn in Au- 
gust 2009. I thank the organizers Joergen Andersen, Hans Boden, Atle Hahn and 
Benjamin Himpel of this great conference. 

The first part of the article and the appendix are of expository nature and do not 
contain all the proofs; that first part may be considered as a research announcement 
for the results of |L3j . The second part relies on some results of the first part and 
contains the construction of a more powerful invariant of (M, K) with the proof of 
its invariance. 

I started to work on this project after a talk of Tomotada Ohtsuki for a work- 
shop at the CTQM in Arhus in Spring 2008. I thank Joergen Andersen and Bob 
Penner for organizing this very stimulating meeting, and Tomotada Ohtsuki for 
discussing this topic with me. Last but not least, I thank the referee for preventing 
the invariants constructed in the second part from living in a far less interesting 
space. 

1.3. Conventions. All the manifolds considered in this article are oriented. 
Boundaries are oriented by the outward normal first convention. The fiber 7V„ (A) 
of the normal bundle A''(^) of a submanifold A in a manifold C at m G A is 
oriented so that T^C = Nu{A) © T^A as oriented vector spaces. For two transverse 
submanifolds A and B of AnB is oriented so that NuiAnB) = iV„(A) ©7V„(B). 
When the sum of the dimensions of A and B is the dimension of C, and when AnB 
is finite, the algebraic intersection {A, B) of A and B in C is the sum of the signs 
of the points of A n B, where the sign of an intersection point m of ^4 n i? is 1 
if and only if T„C = Nu{A) © Nu{B) (that is if and only if T^C = T^A © T„B) 
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as oriented vector spaces. It is (—1) otherwise. The algebraic intersection of n 
compact transverse submanifolds Ai, A2 An of C whose codimensions sum is 
the dimension of C is defined similarly. The sign of an intersection point u is 1 if 
and only if T^C = iV„(^i) © iV„(^2) © ■ • • © Nu{An) as oriented vector spaces. 



1.4. On the equivariant linking pairing. Fix (M, K) as in Subsection 1 1.2 1 

Let 

Pm- M ^ M 

denote the regular infinite cyclic covering of M, and let 9m be the generator of its 
covering group that corresponds to the action of the class of K. The action of 9m 
on 7?i(M;Q) is denoted as the multiplication by tM- 

M \ 



The Q[tJ/]-module Hi{M;Q) reads 



i7i(A/;Q) = 0. 



] 



for polynomials 5i of Q[i^/] where Si divides Si+i. Then S — S{M) = 6k is the 
annihilator of Hi{M; Q) and A = A(M) = HiLi is the Alexander polynomial of 
M. 

These very classical invariants are normalised so that A{tM) = A(i^^^), A(l) = 1, 
S{tM) = ^iid (5(1) = 1. (In order to make 6 symmetric, we may have to allow 

it to belong to (^{t]// + t^//^)Q[<J/] U Q[t^j]j ■) Note that A and S coincide when 
A has no multiple roots. 

Let {J,L) be a two-component link of M such that pm{J) <^Pm{L) = 0. If 
J bounds a (compact) surface S in M transverse to 9'^,j{L) for all n, define the 

equivariant intersection (S, L)e as 

(I],L)e-5^t5f,(E,03J,(L)) 

nez 

where (E,0]Jf(L)) is the usual algebraic intersection. Then the equivariant linking 
pairing of J and L is 

lk,{J,L) - (S,L)e. 
In general, 6{9m){J) bounds a surface S{9m)^ and 

For any two one- variable polynomials P and Q, 

lk,iP{9M){J),Qi9M){L)) = P{tM)Qit]:l)lke{J,L). 
1.5. The construction of Q{M,K). Consider the infinite cyclic covering of 

= ^ ^ 

{u,v) - {9m{u),9m{v)) 

with generating covering transformation 9. 



9iiu,v)) = i9Miu),v) ^ iu,9]^j\v)). 
The diagonal of (^^^^^ projects to a preferred lift of the diagonal of in M^. 
p-i(diag(M2)) = U„ez0" (diag(M2) ^ diag(M2)) = Z x diag(Af2). 
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Definition 1.1. In a smooth n-manifold C, a tubular neighborhood of a compact 
TO-submanifold A locally reads as R"^™ x U for some open U C A, where R"^™ = 
(]0, oo[xS'"-™-i) U {0} stands for the fiber of the normal bundle of A, and S""-™-! 
stands for the fiber of the unit normal bundle of A. In this article, the manifold C{A) 
obtained by blowing up Am C is obtained by replacing A by its unit normal bundle 
in A. Near U, R""'" xU is replaced by [0, oo[x S"-'"'-'^ x U. The blown-up manifold 
C{A) is homeomorphic to the complement of an open tubular neighborhood of A 
in C, but it has a canonical smooth projection onto C and a canonical smooth 
structure. When C and A are compact, C{A) is a compactification oi C \A. 

The configuration space C2(M) is obtained from by blowing up the diag- 
onal of in this sense, and the configuration space 6*2 (M) is obtained from 
by blowing up p^^(diag(A/^)). The transformation 9 of naturally lifts to a 
transformation of C2{M) that is still denoted by 6. The quotient of C2{M) by the 
action of 6* is C2(M). 

Since the normal bundle of the diagonal of A/^ is canonically equivalent to the 
tangent bundle TM of M via 

TAP 

("'^)^di^i(TM^^(^-")^™' 

the unit normal bundle of p"i(diag(M2)) is Z x ST{M) where ST{M) is the unit 
tangent bundle of AI so that 

dC2{AI) = Z X ST{A/I). 

A triviahsation r : TAI AI xE.^ of TM identifies ST{A4) with A4 x S'^. 

Like any oriented closed 3-manifold, M bounds an (oriented compact) manifold 
with signature 0. Then TW^j^ = R © TM. A triviahsation r of TM induces 
a triviahsation of TW* (g) C on M. The first Pontrjagin class Pi{t) of such a 
triviahsation t of the tangent bundle of M is the obstruction pi{W*; r) to extend 
this triviahsation to VF^. It belongs to H'^iW'^, M;T:3{SU{'i))) = Z. We use the 
notation and conventions of |MS) . see also |L11 Section 1.5]. 

Now, the construction of Q{Ai, K) is given by the following theorem. 

Theorem 1.2. Let t : TM M xM.^ be a triviahsation ofTM and let pi(r) be 
its first Pontrjagin class. Assume that r maps the oriented unit tangent vectors of 
K to some fixed W E S"^ . Then r induces a parallelisation of K . Let Kx, Ky , Kz 
be three disjoint parallels of K , on the boundary dN{K) of a tubular neighborhood 
of K , that induce the same parallelisation of K as r. 
Consider the continuous map 

A{K): (51 - [0, l]/(0 ^ 1)) X [0, 1] ^ C2(M) 

(t,ue]0,l[) ^ {K{t),K{t + u)), 

and its lift A{K) : x [0, 1] C2{M) such that the lifi of {K{t), K{t + e)) is in a 
small neighborhood of the canonical lift, of the diagonal, for a small positive e. Let 
A{K) also denote the 2-chain A{K){S^ x [0, 1]). 
For V €S^, let 



SriAI;V) = t-\M xV) C {ST{AI) = {0} x ST{M)) C dC2{M). 
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Let 

where A = A(M). Let X, Y, Z be three distinct points in S"^ \ {W, -W}. 

There exist three rational transverse ^-dimensional chains Gx, Gy and Gz of 
(72 (M) whose boundaries are 

dGx = {0- me) {sr{M;X) - I^{e)ST{M\K^) , 

dGy ^{0- l)S{e) {sr{M;Y) - Ia{0)ST{M)\Ky) and 

dGz = {e- l)m {sr{M; Z) - lA{e)ST{M)^K,) 
and such that the following equivariant algebraic intersections in C2{M) vanish 

{Gx,AiK))e = {Gy,A{K)), = {Gz,A{K)), = 0. 
Define the equivariant algebraic triple intersection in (72 (M) 

{Gx,GY,Gz)e= E {Gx,e-\GY),e-^Gz))c,^M)y'^' ^^[y^\^^\ 



Let Rs = ^'"^''"^''(C^^"^"^' - ^'^^'^ 

n(A4U\- {Gx,GY,Gz)e P]SZl c f! 

^^"^'""^ - {x-l){y-l){z-mx)S{y)S{z) " ^ ^ 

and Q{M,K) only depends on the isotopy class of the knot K and on its paralleli- 

sation. Furthermore, 

S(M,K)(x,y,z) = Q(M,lC)(y,x,z) - Q(M, K)(z, y, x) = Q{M,K)(x-\y-\ z-^) 

and Q(M, K) does not depend on the orientation of K. 

Of course, the theorem above contains a lot of statements. Let us explain their 
flavour. Consider the homology of (72 (M) with coefficients in Q endowed with the 
structure of Q[t, t~^]-modulc where the multiplication by t is induced by the action 
of on (72(M). Let Q{t) be the field of fractions of Q[t, t'^] and set 

if,((72(M);Q(i)) = H4C2{M);Q) <E>q[t,t-^ Q{t). 

Lemma 1.3. ifi((72(M); Q{t)) ^ Hi_2{M; Q) (8)q Q{t) for any i e Z. 

H2{C2{My,Q{t)) = Q(t)[5r(M)|,(^ * X S^)] 

H3iC2{My,Q{t)) = Q{t)[ST{MyK{= K x S^)] 

H4{G2{M);q{t)) = Q{t)[ST{M)^s{= S x S^)] 
where S is a closed surface of M such that H2{M;Z) = Z[S]. 

In particular, the statement of the theorem contains the following lemma: 

Lemma 1.4. The homology class in H3{C2{M); Q{t)) of a global section of ST{M) 
induced by a trivialisation of M is Ia[ST{M)\k]- 
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Therefore, Ia[ST{M)\x] cannot be removed from our boundaries. Lemma 11.31 
can be proved by classical means. Observe that since 

{A{K),ST{M)\s)e = l-t-\, 

the class of A{K) in H2{C2{M),dC2{M)) detects [ST{M)\g]. Thus, the condition 
{A{K),Gx)e = ensures that if G'x satisfies the same conditions as Gx, [G'x—Gx) 
bounds a 5-chain and {G'x,Gy ,Gz)e = {Gx^Gy TGz)e- Therefore, our algebraic 
intersection [Gx.Gy ,Gz)e is well-defined. 

The class of Fx = (t^-i^&it) (that is the same as the class of Fy = (^J^^^^^^ or 
= Jt^fsit)) in Hi{C2{M),dG2{My,Q{t)) is dual to [5T(M)|,]: 

{ST{M)\,,Fx)e = 1. 

For a two-component link {J,L) of M such that pm{J) r\pM{L) = 0, the class 
of J X L in C2{M) reads lke{J, L)[ST{M)^^]. By the above equation, this can be 
rewritten as 

lk,{J,L) = {JxL,Fx)e 
and the chains Fy represent the equi variant linking number in this sense. 
Recall that all the assertions of this section are proved in details in |L3| . 

1.6. A few properties of Q. Recall that A denotes the Casson- Walker in- 
variant normalised like the Casson invariant. I added the following proposition 
in order to answer a question that George Thompson asked me at the conference 
Chern-Simons Gauge theory : 20 years after in Bonn. I thank him for asking. 

Proposition 1.5. Let Mk denote the rational homology sphere obtained from M 
by surgery along K. Then 

Q(M,]K)(1,1,1) -6A(Mk). 
For a function f oi x, y and z, X]e3(a; y z) /(^' V-i stands for 

^ f{a{x),a{y),a{z)) 

where ©3(0;, y, z) is the set of permutations of {x, y, z}. 

Proposition 1.6. Let J be a knot of M that bounds a Seifert surface S disjoint 
from K whose Hi goes to in Hi{M) / Torsion. 

Let p/q be a nonzero rational number. Let {ai,bi)i^i g be a symplectic basis of 
i^i(E). 




Let 

(ij)e{i,...,ff}2 e3{x,y,z) 
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where 

aij{x,y) = lke{ai,a^){x)lke{bi,h'^){y) - lke{ai,b'^){x)lke{h,a'^){y) 

and 

I3.ij{x,y) = {lke{ai,bl){x) ~ Ikeib^ ,ai){x)) {lke{aj,b^){y) - lke{b^ ,aj){y)) , 
then 

Q{M{J-p/q),K) - Q{M,K) = &^\'^{J)+(S\{S\U;plq)) 

P 

where S^{U;p/q) is the lens space L(p, —q) obtained from by p/q-surgery on the 
unknot U . 



Since goes to in _ffi(M)/Torsion in the above statement, E lifts as 

homeomorphic copies of E and lk^{ai,aj') denotes the equivariant hnking number 
of a hft of Qi in AI in some hft of S and a hft of near the same hft of S. The 
superscript + means that aj is pushed in the direction of the positive normal to E. 

In L3i , we deduce the surgery formula of Proposition 11.61 for surgeries on 
knots from a surgery formula for Lagrangian-preserving replacements of rational 
homology handlebodies. 

When the above knot J is inside a rational homology ball, Ag(J) coincides 
with ^A"(J)(1), where A( J) is the Alexander polynomial of J, and the right-hand 
side is nothing but 6 times the variation of the Casson- Walker invariant under a 
p/g-surgery on J. Since any rational homology sphere can be obtained from 5*^ 
by a sequence of surgeries on null-homologous knots in rational homology spheres 
with nonzero coefficients, after a possible connected sum with lens spaces, we easily 
deduce the following proposition from the above surgery formula. 

Proposition 1.7. Let N be a rational homology sphere, then 

Q(MtJ7V,K) = Q{M,K) + 6X{N). 

Recall /a (t) = + ^IJ^f • 
Proposition 1.8. Let K' be another framed knot of M such that 

Hi{M)/ Torsion ^Z[K']. 
Then there exists an antisymmetric polynomial V(]K, K') in Q[t,t^^] such that 

e3{x,y,z) 

Furthermore, for any fc G Z, there exists a pair of framed knots (K, K') such 
that V(K, K') = q{t''^ — t^^) for some nonzero rational number q. 

Proposition 1.9. If K = {K,K^^) and if K' = {K,K'^^), where is another 
parallel of K such that the difference (A'^| —K\\) is homologous to a positive meridian 
of K in dN{K), then 
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Proposition 1.10. If K and K' coincide along an interval, if K' — K hounds a 
surface B that lifts in M such that [K',^^ — K\\ ) is homologous to a curve of B in the 
complement of {dB U K) in a regular neighborhood of B, and if (a^, foi)je{i g} 
a symplectic basis of Hi{B]'L), then 

Sit) [lke{ai, hj) - lke{bj, a^)) . 

1.7. The derived 3-manifold invariant. 

Definition 1.11. Definition of an invariant for Z- manifolds of rank one: 
Let Qk{5,^) = E6,(.,v,z) 4rfr^A(2/) for k e (N\{0}). For a fixed (5, A), define 
Q(M) as the class of Q{M,K) in tire quotient of Rs by the vector space generated 
by the Qk{S, A) for fc e (N \ {0}). 

Thanks to Proposition 11.81 Q{M) is an invariant of M. This invariant is cer- 
tainly equivalent to a special case (the two-loop case) of invariants combinatorially 
defined by Ohtsuki in 2008 in |03| . for 3-manifolds of rank one, when S = A. The 
following proposition shows that it often detects the connected sums with rational 
homology spheres with non-trivial Casson- Walker invariants. 

Proposition 1.12. // A has only simple roots and if N is a rational homology 
sphere such that X{N) ^ 0, then Q{M) ^ QiM^N). 

1.8. An alternative definition for Q with boundary conditions. Write 
the sphere as the quotient of [0, 8] x where {0} x is identified with a 
single point (the North Pole of S'^) and {8} x is identified with another single 
point (the South Pole of S^). When a C [0,8], denotes the image of a x 5^ 
via the quotient map qs- For example, D^^ gj is a disk. Embed D^^ gj x S*^ as a 
tubular neighborhood of K, so that K — {*w} x for some *w & (^-^[o 5]j 

K\\ = {qx} X for some qx £ ^ZJ^o,!]' ^^'^ = \ (^fi.8] ^ ^^)- ^^^^^ 
generally, let 

r: M ^ [1,8] 

X e M[o,i] i-> 1 

{qs{t,zw),z) G D^^ g] X 5^ 1-^ t. 

When a C [0,8], = r-'^{a) and = plj{Ma). 

Consider a map /m : M 5*^ that coincides with the projection onto on 
£1^;^ g] X S^, and a lift of this map /m : M ^ R. Embed M[i_6] = (^fi,6] ^ 
in M.^, seen as C x M, as {z e C; 1 < |z| < 6} x M naturally so that the projection 
on R is /m- Here C is thought of as horizontal and M is vertical. This embedding 
induces a trivialisation t on TMji gj that we extend on TA/[o,6]- This trivialisation 
respects the product structure with M on Af[i gj, we also extend it on il/^i gj so that 
it still respects the product structure with R, there. 



Construction of a map n: p ^ ({M^^ \ Afj^ 2[) \ diag(Afj2 4]) 
FixeG]0,l/2]. Let 

X- [-4,4] ^ [0,1] 

te[-e,4] ^ 1 
te[-4:,-2e] ^ 
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be a smooth map. Recall that M[i 4] is embedded m that is seen as C x R. 
When iu,v) e 4j \M2_2[) \diag(M2_4j), set 

U{u,v) = (1 -x(r(u) ~r{v))){QjM{u)) + x{r(u) ~ r{v))u 

V{u, v) = (1- x{r{v) - r{u))){0, /a/(w)) + x{r{v) - r{u))v 

so that {U{u, v),V{u, v)) e (K^f \ diag. 
Define 

tt: p-^(M2_4]\Af2_2[)\diag(M2_4])) ^ 

/„ ,A ^ y(M,-»)-[/(M,t;) 

V"' ^ \\V{u,v)-Uiu,v)W 

When A is a submanifold of M, C2 (A) denotes the preimage of under the blowup 
map from C2(M) to M^, and 6*2 (^) is the preimage of C2{A) under the covering 
map of C2{M). The map tt naturally extends to 6*2 (-^[o. 4]) \ C'2(A^[o.2[)- 
Set 

Ja = JaW = 

Let S'lf denote the subset of made of the vectors whose vertical coordinate is in 
]0, The following proposition is proved in \L3\ Section 12]. 

Proposition 1.13. Let qx, qy md qz be three distinct points on dD^^ ^, and let 
X , Y and Z be three distinct vectors of S^. For V ^ X,Y or Z . let Ky — qv 'X , 
then there exists a A- dimensional rational chain Cy o/C2(A/[q 2]) whose boundary 
is 

'^(^■^) (^?c.(M,,,)\ac.(M,,,)(^) U ^.(M[o,2i; ^) U (- J^)5T(M)|^,) , 
and that is transverse to 9C2(-M[o^2]); '"^'^ 

6{M){x)SiM)iy)SiM){z)Q{M,K) = {Cx , Cy , Cz) ,,c.^m,„_.,) " 



Note that when M — S x S , Ja = 0, tt extends to C2(M[o2]) and Cy 

le propositior 



TT,-^ , ^ (V) fulfills the conditions. Also note that the proposition implies that 

C2(A/[o,2]) 



S{M){x)S{M){y)d{M){z)Q{M,K) e . .. . 

[xyz = 1) 

2. Construction of more general invariants 

The invariant that has been discussed so far corresponds to the graph (with 
hair or beads), where the two vertices of the graph 6 correspond to the two points 
of a configuration in C2(Af), and the three edges are equipped with jCx, jCy, 
and ^Cz, respectively. 

The chains Cy that were used in the definition of Q can be used to define in- 
variants Zn{M, K) of {M, K) associated to beaded trivalent graphs with 2n vertices, 
and thus to configuration spaces C2n(M) of 2n points. We present the construc- 
tion of these invariants below. Together, they will form a series (z„(M, K))„gN, 
that should be equivalent to the Kricker rational lift of the Kontsevich integral for 
null- homologous knots in rational homology spheres, described in \K.r\ IGK) . 
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2.1. On the target spaces. Hero, a trivalent graph is a finite trivalent graph. 
Suc;h a graph will be said to be oriented if each of its vertices is equipped with a 
vertex orientation, that is a cychc order of the three half-edges that meet at this 
vertex. Such an oriented graph will be represented by the image of one of its planar 
immersions so that the vertex orientation is induced by the counterclockwise order 
of the half-edges meeting at this vertex. 




Let Al\ (S) be the rational vector space generated by oriented trivalent graphs 
with 2n vertices whose edges are oriented and equipped with some rational functions 



of ( 



f±i 



(1) 



l/6{t)], and quotiented by the following relations: 

Reversing the orientation of an edge beaded by P{t) and transforming this 
P{t) into P(t~^) gives the same element in the quotient. 



P(t) 



Pit-') 



(2) If two graphs only differ by the label of one oriented edge, that is P{t) for 
one of them and Q{t) for the other one, then the class of their sum is the 
class of the same graph with label {P{t) + Q{t)). 



P{t) + Q{t) 



= P(t) 



+ Q{t) 



(3) Multiplying by t the three rational functions of three edges adjacent to a 
vertex, oriented towards that vertex, does not change the element in the 
quotient. 



.Kit) 




Q{t) 



P{t\ 




tQ{t) 



tP{t) 



and 



Pit) 



tp{t), 



(4) (AS) Changing the orientation of a vertex multiplies the element of the 
quotient by (—1). 







(5) (IHX or Jacobi) The sum of three graphs that coincide outside a disk, 
where they look as in the picture below, vanishes in the quotient. (The 
complete edges of the relation are equipped with the polynomial 1 that is 
not written.) 



jt^ =0 where ^ I = I 
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For example, there is a map ip : Ai 

m 




(S) -> Q{x, y) such that 



^ (P(x)Q(y)i?(z) + P(a;-i)Q(y-i)i?(z-i)) 



for elements P{t), Q{t) and of Q[t^^ ,1/S{t)], where z = (xy)^^ 

A more general version of this space of diagrams was introduced in IGKl Def- 
inition 3.8]. 

Remark 2.1. As pointed out to me by the referee, if we replaced Q[t*^, l/6{t)] by 
Q[t^-^, l/6{t), l/{t — 1)] in the definition of A^iS), unwanted relations would occur. 
For example, diagrams with separating edges would become trivial. Indeed, such a 
diagram with a separating edge beaded by P/{l — t) would be equal to the diagram 
obtained by changing the beading into Pt/ (1 —t) so that the difference of these two 



that does not vanish in Ai{S), would vanish. 

2.2. On compactifications of configuration spaces. We describe the main 
features of the Fulton and MacPherson type compactifications of configuration 
spaces |FMcPj that are used to define configuration space invariants of knots or 
manifolds. Details can be found in [Ll[ Section 3]. 

Let N he a finite set, and let / be a subset of N with cardinality jj/ > 2. 
Let A/(M^) = {{mijazM^mi = nij if C /}. Aj{M^) is a codimension 

3(jJ/ — l)-manifold. The fiber of its unit normal bundle at {mj)j^M is the space 
{Tm^M' IAi{T^M') \ {0})/R+* where i e /. It is the space Ci{T^M) of I- 
tuples of points of the tangent space Tr^M up to global translation and global 
homothety with positive ratio. Thus, in the blown-up manifold {Ai{M-^)) (see 
Definition II. a point P that projects to Ai{M^) under the canonical projection 
is equipped with the data of the infinitely small configuration ci{P) G Ci{TmiM) 
of the points rrii indexed by / in Tm^M (up to translation and dilation). 

Of course, the manifold C2(M) reads A/^(A{i 2} (M ^)) with this notation. 

Let J be a subset of /, J C /, jJJ > 2. 

Aj(M^) c Aj(M^) 
The closure of Aj(M^) \ A/(M^) in Af^(A/(Af^)) is the submanifold 

Aj(M^)(A,(M^)), 

and we can blow up M^(A/(Af^)) along Aj(Af ^)(A/(Af^)) to get a manifold 
with boundary and with corners, where the relative configuration of the possibly 
coinciding points of TrmM indexed by elements of J in an infinitely small configu- 
ration ci{P) of points of TrriiM is known. It is thought of as infinitely smaller. 

Definition 2.2. Let F be a graph whose vertices are indexed by {1, 2, . . . , 2n}. 
When / is a subset of {1,2,..., 2n}, the graph Tj is the subgraph of F made of the 
vertices indexed in / and the edges between two of them. The configuration space 
C{M,T) is the smooth compact 6n-manifold with corners obtained by blowing up 
successively all the Aj{M-^) for which F/ is connected and t)/ > 2, inductively, 
starting with maximal not yet treated / with this property. The space C {M, F) is 
a compactification of the complement of all the diagonals of Af^", with a canonical 



diagrams would be trivial. Therefore, the dumbbell-shaped diagram 
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projection r) : C{M,r) AP'^. The configuration space C2„(A/) is C{M,rc) 
where Tc is the complete graph with 2n vertices. 

Let Pq be a point of C(Af, F), it projects to (™i)ie{i.2,...,2n}- Consider the 
maximal connected subgraphs Tj of F (with jj/ > 2) such that mj = mfe whenever 
j and fc are in /. For each of these subgraphs F/, consider the maximal connected 
subgraphs Fj with jJJ > 2 and J C / such that the points indexed by J coincide 
in the infinitely small configuration c/(Po)- Iterating the process, the "considered" 
graphs form a family £{Po) of connected subgraphs F/ of F such that the intersection 
F/flFj of any two graphs of the family is F/, Fj or 0. The points P such that £{P) is 
empty are the points in the interior of C{M, F). If £{Po) ^ 0, the points P such that 
£{P) = £{Po) are in the boundary of C{M, F) and they form a codimension jjf (-Pq) 
face of C{M,T). In particular, the codimension 1 faces of C{M,T) correspond to 
connected subgraphs Tj of F. 

When F has no loops (edges whose two ends coincide), for every oriented edge 
e of F from the vertex v(j) of F indexed by j to v{k), there is a canonical projection 

p(F,e): C{M,T)^C2{M) 

that maps a point P of p(M, F)^^ ((mi)jg{]^ 2,...,2n}) to {mj,mk) if rrij =^ m^, and 
to the infinitely smah configuration of (T„^M^J''=>/A{j^fe}(r„^.M{J''=}) \ {0})/M+* 
that can be seen at some scale in C{M, F), if rrij — rrik. 

2.3. Definition of the invariants 2:„(A/, K). Fix (Af, ]K,t) as in Subsec- 
tion [L8] so that r maps the tangent vectors of K to KW , where W is the vertical 
vector of S"^ pointing upward. For any rt G N \ {0}, the invariant z„(Af, K, r) is 
defined as follows. Consider 

• e g]0, /a/ (involved in the definition of the map tt in Subsection ll.Sp . 

• 3n disjoint parallels (i^i, . . . ,i^3„) of K on c}A/[o,i], with respect to the 
parallelisation of IK, 

• a regular 3n-tuple (^i, . . . , X^n) of (Sj^)^" , where regular means in some 
open dense subset of {Sj^)^" that will be specified in Subsection 12. 4[ 

• 3n integral chains (integral combinations of properly C°° -embedded 4- 
simplices) Hi in general Zn-position in C2(Af[o.2]) whose boundaries are 

^-^W fe(M,,,)\OC.(M,,,)(^^) ^ ^.(M[0,2];X.) U (-JA)5T(Af)|^,) , 

respectively, for some positive integer k. The notion of general 3n-position 
will be specified in Definition 12.31 

The chains Hi will be seen as cycles of (C2(Af[o,2])j 9C2(Af[o^2])) (combinations 
of simplices) with coefficients in Q[_ffi(A^) /Torsion] by projection as follows. Pick 
a basepoint *c in S'T(Ar[o^2]) C dC2{M), and consider the equivalence relation on 
the set of paths of C2{M) from *c to some other point in C2{M) that identifies two 
paths if they lift to paths with identical ends in (72 (Af). For a point of C2{M) that 
projects to (mi,m2) G M"^, this datum is equivalent to a rational homology class 
of paths from mi to TO2. A chain of C2{M) with coefficients in Q[i?i(A<r)/Torsion] 
is a chain every point P of which is equipped with a class of paths from *c to P 
as above, in a continuous way (or every simplex (or contractible cell) of which is 
equipped with such a class of paths in a way compatible with face identifications). 

Let Sn be the set of connected trivalent graphs F with 2n vertices numbered 
from 1 to 2n and with in oriented edges numbered from 1 to 3n without loops. 
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Consider T e 5„. Set C(Af[o,4],r) = p{M,T)-^{Mf^'^^^) C C(Af,r). See Def- 
inition 12.21 Let e = e(i) be the edge of T numbered by i that goes from v{j) 
to v{k). Consider the map p{T,i) = p{T,e{i)): C{M,T) C2{M) that hfts 
(rrii, . . . , m3„) i— )> (raj,mk), continuously. Let HilV) C C(Af[o^4],r) be defined 
as 

H,{T) = p(r, i)-^ {H, U kS{t)n-HX^)) 

where 7r-i(X,) = ^,6, (M[o,,,)\C2(M[c,.[) ^^'^ ^ C'2(M[o,4])\C2(M[o,2[) and if, are seen 
as chains with coefficients. Then Hi{T) is a chain (here, a combination of manifolds 
with boundaries) whose points (that project to) (mi,...,m3„) are continuously 
equipped with rational homology classes of paths from nij to m^. It is cooriented 
in C(M,r) (that is oriented like Af^") by the coorientation of Hi in C2(M). 

Then the intersection of the HiiT), for i e {1, 2, . . . , 3n}, is a compact sub- 
space I{T,{Hj}) of C(M[o,4],r). Its image p(r,i)(/(r,{i7j})) in ff,;U7r-i(^0 is a 
compact subset of ffi U iT~^{Xi). 

Definition 2.3. The Hi are said to be in general Sn-position if, for any F e iSn, 

• I{r,{Hj}) is finite, 

• p(r, i)(/(r, {Hj})) is made of points in the interiors of the 4-simplices of 
Hi or in the interior of 7r~^(Xi), for any i S {1, 2, . . . , 3n}, and, 

• all the Hi{T) intersect transversally at the corresponding points that are 
in the interior of C(Af[o^4], F). 

The fact that such Hi exist will be proved in Subsection 12.51 
Fix T G Sn- Under the given assumptions, the cooriented Hi(T) only inter- 
sect transversally at distinct points in the interior of C(Af[o^4], F). We define their 
equivariant algebraic intersection Ir{{Hi}) G A'^{S) as follows. 

Consider an intersection point m, such that p{M,T){m) = (mi,...,m2n) £ 
Af^", it is equipped with a sign e(m) as usual, and it is also equipped with the 
following additional data: Associate rrij with v{j). Since m belongs to i?i(F), the 
edge e{i) from v{j) to v{k) is equipped with a rational homology class of paths 
from ruj to mk- Each edge of F is equipped with a rational homology class of paths 
between its ends in this way. Choose a simply connected graph 7 (e. g. a spider) 
in M that contains a basepoint and all the points rrij of Af. A path from nij to ruk 
can be composed with paths in the graph 7 to become a loop based at the base- 
point whose rational homology class is well-determined by the rational homology 
class of the path and by 7. It reads n(m, e{i), j)[K] for some integer n{m, e(i), 7). 
Let r(m, 7) be the graph obtained from F by assigning 

oriented edge e{i) for each edge. Orient the vertices of F so that the permutation 
of the half edges from (first half of first edge, second half of first edge, . . . , second 
half of last edge) to (half-edges of the first vertex ordered in a way compatible with 
the vertex orientation, . . . ) is even. 

Note that the class of F(m, 7) in A!^{S) does not depend on 7. Indeed, changing 
the path that goes from nij to the basepoint in 7 amounts to add some fix integer 
to 71(771, e, 7) for the edges e going to 771^ and to remove this integer from 77(777, e, 7) 
for the edges starting at 777^ . Because of Relations 1 and 3, it does not change the 
class of F(7n, 7) that will be denoted by [F(777)]. Finally, assign e (771) [F(m)] £ An{6) 

to 777. 

Then define /r({-ffi}) G A'^{d) as the sum over the intersection points of the 
£(7n)[F(7n)]. 
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Theorem 2.4. 

is an invariant o/ (M , K, r) . Let be the element o/ ■4^*^(1) defined in [LI', Section 
1.6]. It is an element of the subspace o/^Jj((5) generated by the diagrams whose 
edges are beaded by I, and it is zero when n is even. Then 

SJM, K) = UM. K, r) + ^i|^^„ 
is an invariant of {M, K) . 

The collection (A(Af), (z„(M, K))„gN) should be equivalent to the Kricker ra- 
tional lift of the Kontsevich integral. 

Note that with the map -0 of the end of Subsection 12.11 we have 

Q(M,K) = V(5i(M,K)). 

The properties of the chains Hi that arc proved in jL3j will allow us to generalize 
properties of Q(M, K) to (z„(M, K))„gN hi a future work. 

Remark 2.5. Though the graphs F of 5„ in Theoreni l2.4l have no loops, it is shown 
in |L3[ Section 9.2] that the evaluation of zi on a dumbbell-shaped clasper, whose 
looped edges are equipped with the equivariant linking numbers of the correspond- 
ing leaves, is the corresponding element — -^Xi^)- Similar properties 
are expected for all the z„. 

2.4. Regular points of (5*1^)'^". The restriction of p to 

(C2(M[o,4]) \ C2(A/[o.2[)) n TT-^iSjj) 

is a diffeomorphism p/f onto its image Ph in (C2(Af[o,4]) \ C'2(Af[o 2[)) . Define tF as 
TT o p'f^ on Ph ■ 

Consider a graph F G iS„, its set of vertices ^(r), a coloring L:V{T) 
{-^[0,2] J -^[2,4]} of its vertices, and a set B of edges of F that contains all the edges 
between two vertices of color Af[o.2]- Set A = {1, . . . , 3n} \ B and 

c{r,L,B)=p{M,r)-' «2!"*'"'"" X M[^;,;"*''-'») na,^p(F,a)-i(F^). 

Consider the product 

g{r,L,B) = 7fop(F,a) xIdentity(S'2)^: C(F,L,B) x {S^f ^ (S^)^ x (S*^)^. 

aeA 

A regular value of this map g{r,L,B) is a point Y of the target (S'^)'^" such 
that for any point y of g{r, L, B)^^{Y), for any face J- of C(F, L, B), the tangent 
map of g{T,L,B) at y is surjective, and, if y G J-" x (S*^)^, the tangent map of 
5(F,I/,B)|_px(52)B at y is surjective. 

Lemma 2.6. The set of regular values of g(T, L, B)^g(^p ]^ H)-^{{Sjjy-'") open and 
dense in (Sfj)^'^. 

Proof. The density is a direct corollary of the Morse-Sard theorem |Hi[ Chap- 
ter 3, Section 1]. Since the set where the tangent maps are not all surjective is closed 
in the compact source of g{T,L,B), its image is compact, and the set of regular 
values is open. □ 
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Thus the finite intersection of the sets of regular values of such maps g(r, L, B) 
is also dense and open. 

Definition 2.7. Let Pv{Xi) be the vertical plane of R"^ that contains Xi. An 
element {Xi)i of (Sjj)^" is regular if it is a regular value for all the maps g{r, L, B), 
and if, for any pair {i,j} of {1, 2, ... , 3n}, Pv{Xi) Pv{Xj) is the vertical line. 

The set of regular {Xi)i is dense and open in (Sfj)^^. 

Lemma 2.8. // {Xi, . . . ^X^n) is regular, then the Hi{T) do not intersect over the 
small diagonal of AI"^" in C2n(M). 

Proof. If they did, there would be an intersection point in the small diagonal 
of C2n{M). Such a point would be a configuration in the tangent space T^M of M 
at some point m of M, where T^M is identified with via r. Let Z? be a 3-ball 
in M[3 3_(_£]. Note that C{D, F) embeds in C(R'^, F) and that 7f op(F, a) reads as the 
map "direction of e(a)", there. This map factors through the global translations 
and the homotheties with positive ratio. Let i[2,4] be the constant coloring with 
value M[2^4]. Since (Xi,...,X3„) is regular, it belongs neither to the -at most 
(6n - 4)-dimensional-p(F,i[2,4],0)(C(i:),F) n C(F, L[2,4] , 0)), nor to the -at most 
(6n - 2)-dimensional- p{T,L[2A],{e(i)]){{C{D,T) n C(F, i[2,4] , {e(i)})) x S^) for 
some edge e(i), when m belongs io Ki. □ 

2.5. Transversality. In this subsection, we prove that there exist Hi in gen- 
eral 3n-position. 

It follows from general transversality properties that the Hi{T) can be per- 
turbed so that they have a finite number of transverse intersection points (see |Hi| 
Chapter 3]). The subtleties here are 

• that we want simultaneous transversality for all the F € Sn, 

• that we would like to perturb the Hi rather than the -ffi(F|^. 

To prove the existence of Hi in general 3n-position, we proceed as follows. 
Choose cycles 77°, together with their simplicial decompositions, with the given 
boundaries, so that the Hf are transverse to 96*2 (M[o. 2])- 
Assume that 

• the 4-dimensional simplices of H^ are embeddings indexed by ele- 
ments j of some finite set S{i), and equipped with local coefficients, 

AO^: ^ Oj{i) c C2{M[oa]) 

of the standard 4-simplex A"* in open regions Oj{i) of C2(M[q 2]) such that 
there are C°° embeddings 

with open image in some intersection of half-spaces in M^, 

• there is a set Bi of 3-dimensional faces of the 4-dimensional simplices of 
H^ that constitute a simplicial decomposition of dH^, 



^The Hi{r) are associated with Hi and F, and the face identifications, that will be performed 
later, could not be performed without the fact that Hi(r) is precisely the preimage of some fixed 
HiUk5{t)Tr-'^(Xi). 
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• there is a bijection bi of the set of the S-dnnensional faces of the A°(i) 
that are not m Bi to Ai x {+,—}, for some finite set Ai, such that 

for any a G Ai, the face labeled by (a, +) has the same image in C2(M) 
than the face labeled by (a, — ) with opposite boundary orientation and 
matching local coefficients (this is the face identification), 

• the simplices 6^{i) of dimension fc (fc < 4) of Hf are codimension sub- 
manifolds with boundaries of the preimage of a regular point Ni_r under a 
constraint map f{Sr{i)) from the intersection of the open sets Oj{i) such 
that (5°(i) is a face of A°{i) to S^-''. 

Define M{H^) as the set of deformations Hi — {Aj{i): A'* <^j(*)}jes(0 of 
the H'^ = {A°(i)}jgs(i), where the set Sii) of simplices, the face identification and 
the simplices of dHi are fixed. 

Equip A^(i?°) with the C°° topology that is its topology of a subset of 

n C-(A^O,(^)) 

where the topology of C°°(A'*, (i)) is defined in Hi, Chapter 2, Section 1]. 
Consider the topological space 

3n 
1=1 

Define the subset A^, of made of the {Hi, H2, ■ ■ ■ , H^n) whose simplices 
satisfy: 

For each F G iS„, for any 3n-tuple {6j-{i) C iJi U 7r^^(Xi))jg{-i_ _3„-j of simplices, 
where Tr^^{Xi) and dTT~^{Xi) are abusively considered as additional simplices Ao(i) 
and dAo{i) and the constraint map associated to (Ao(j) C (Oo(*) = '^^^{^h))) is 

*{r,Sj.{i)): the p{r,i)~-^{6j^{i)) are transverse in C(Af[o^4] , F). 

Proposition 2.9. Ai* is open and dense in M.. In particular, there exists a (3n)- 
tuple {Hi, H2, ■ ■ ■ , Hjn) in general in-position. 

Proof. It is enough to prove that the subspace of AA made of the {Hi , . . . , H^n) 
that satisfy *(T ,5j^{i)) is open and dense for each F G Sn, for any 3n-tuple 
{Sji{i) C Hi)i£{i,...,3n} of (generalized) simplices. 

It is obviously open and we only need to prove that it is dense. 

Consider the regions where the (i)ig{i,....3n} live. The intersection of their 
preimages under the p(F, i) determines an open subspace of 

Ai = n,e/p(F,z)-i(C2(M[o,4]) \ C2{M[oa[)) n n,eJP{T,j)-\C2{M[o,2])) 

for two complementary subsets / and J of {1, 2, . . . , 3n}, where the transversal- 
ity of the 6j.{i) reads: (-/Vij. )jg{x,...,3n} is a regular value of the constraint map 
n?=i fi^jii"^)) According to the Morse-Sard theorem, the set of regular 

(A^i)ie{i,...,3n} is dense. It is furthermore open. 

Therefore, if none of the Sj^ (i) touches the boundary, it is easy to slightly move 
the simplices by changing the preimage of Nij. to the preimage of some closed 
point. (This can be done by a global isotopy of C2(M[o_2]) supported near Sj^{i) 
that moves Sj-{i) to the preimage of some close point, when ji ^ 0.) 
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In general, we have a set of simplices in the boundary, with indices in /{,, a set 
of simphces that don't douch the boundary with indices in /g , and the other ones 
with indices in It that have a maximal face Ti in the boundary. (Here, the special 
simplex T:~^{Xi) is considered in the boundary.) Since (Xi, . . . , X^n) is regular, the 
intersection of the p(r, U fc(5(i)7r~^(Xi)), fori e /bU/f, is transverse in the 

faces of Ai. Therefore, it is a [Qn ~ 2((j/f, + {!/() — c)-submanifold of the codimension 
c faces of Ai. The intersection of the Sj.(i), for i G Ig will be transverse to this 
manifold if the restriction of Yiiei fi^ji (*)) ° pC-T, i) to this manifold is regular, and 
this can be achieved as before. Then the transversality holds in a neighborhood of 
the , and we can make it hold for all the simplices by applying the above argument 
to {lb ,IeDlt) instead of {lb Ult,Ie), the openness allowing us to recorrect the (i) 
for i £ It near the boundaries without losing transversality. □ 

2.6. Proof of invariance. In this section, we prove that we have defined a 
topological invariant of (M, K, t). We first prove that our construction yields a well- 
defined function z„ of {{M, Mjj^ gj), K, t, /m, £, {Ki)i), by showing that our definition 
is independent of {Xi, . . . , X^n) and {Hi, . . . , H^n), i-e- that it is independent of 
{Hi, . . ., H-in) when {Xi, . . . , X3„) is not fixed. 

Since the invariance is obvious when {Hi, . . . ,H^n) moves in a neighborhood 
of {Hi, . . . ,i?3„) in general 3n-position, it is enough to prove invariance when Hi 
is changed to some H[ such that {H[, H2, ■ ■ ■ , -ffsn) is in general 3ri-position. 

First pick a C°°-path P{Xi,X[) from Xi to X[ in Sjj whose image is some 
codimension submanifold with boundary of a submanifold defined by fp{x) = 
for some smooth map fp that is defined in a regular neighborhood of the image of 
this path and valued in [—1, 1]. Without loss assume that (0, X2, X3, . . . , X^n) is a 
regular value for all the compositions of the maps g{T,L,B) of Section ^TM bv fp 
on the first coordinate. (If it is not the case, use the Morse-Sard theorem to find a 
close regular value and move everything slightly.) 

Lemma 2.10. There exists a 5-chain Cq 0/ C2(A/[o,2]) general in-position with 
H2, ■ ■ ■ , H^n such that 

dCo ^ H'i-Hi+k5{t) [sAM^o^2V,P{Xi,X'i)) - -r4(M,o,,)\ac.(M,o,,)(^(^i' ^^») ' 

Proof. The wanted boundary dCo is a 4-cycle and H4{C2{M[o.2]);Q[t'^^]) = 
0. ' □ 

Here the notion of general 3ri-position is similar to the previous notion and can 
be achieved in the same way. Let C ~ CqU kd{t)TT^^{P{Xi, X[)). 

The intersection of p{T, 1)~^(C) and the Hi{r) for j > 2 is some C°° compact 
1-manifold with boundary in C{M, F). p{T, 1)~^(C) is locally seen as the zero locus 
of some real function except near p(F, l)~^{dC) where some additional independent 
real function must be positive. Therefore, 

3n 

d{p{r,i)-\c)nf]H,{r))^ 

3n 3n 3n 

H[{r) n fl i/,(F) - Hi{r) n f| H,{r)+p{r, i)-\c)n dC{M[o,^,r) n f| H,{r). 

i=2 4=2 4=2 

Let us check that the first sign is correct. The two other ones are similar. The 
normal bundle of the one-manifold reads © ©^^"2 where is the normal 
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bundle to p{T, l)^^(C) in C(Af, F). Since H[ is oriented as the boundary of C, C 
is oriented as the outward normal No to C, followed by the orientation of H[ along 
H[. Therefore the normal bundle of p(r, 1)~^{H[) is oriented by A''^ © No- 
Use the notation (ii?i(r), . . . , jHsniT))^^ 

c(M,r), where 5 = k6{t), to denote 
Ir{{Hi}), that was defined before the statement of Theorem 12.41 With similar 
notation, set 

ir{c, {H,}) = -{lp{r, i)-^(C) n 9C(M[o,4], r), In^ir), lHs^{r))_^^c(MS)- 

do 
Then Ir{C, {Hi}) is the variation of Ir{{Hi}) when Hi is changed to H[. The 
intersection points inp(r, l)-i(C)n9C(Af[o,4],r)ni72(r)n - • - niJanXr) only occur 
inside codimension 1 faces of C(M[o^4],r). 

Lemma 2.11. All these intersection points project to M^^^^ under p(AI ,T) . 

Proof. Consider the projection (?ni)i=i.2,....2n of such an intersection point. 
Assume that r{rni) > 4 — e. Construct a subgraph G of F such that the edges of G 
have an orientation independent of the edge orientation in F, so that G is maximal 
with the properties: G contains v{t), there is an increasing path (following edge 
orientations in G) from v{l) to every other vertex of G, if an edge e(a) of G goes 
from v{i) to w(j) then r{mj) > r[m.i) — 2e. 

Such a graph G can be constructed inductively starting from v{t}: For each 
constructed vertex v{i) with less than three incoming edges, add each other edge 
of F adjacent to v{i) whose other end v{i) satisfies r{mj) > r{mi) — 2e and orient 
it from v{i) to v{j). 

For every v{i) G G, r{mi) > 2. 

In G, the valency of a vertex that does not belong to e(l) is 2 or 3 while 
the valency of a vertex that belongs to e(l) is at least 1. Indeed, if the edge 
e(a ^ 1) — {v{i),v{j)} of F is not in G, and if v{i) £ G, then r{mj) < r{mi) — 2e, 
and Tf{mi,mj) = so that G Pv{Xa)- Therefore, since (Xa)a is regular, we 
cannot erase more than one edge different from e(l) that contains v(i) from F. 

Now, look at the constraints we know for the elements ruj G My^ ^ for which 
v[j) G G. They read Tf{mi,mj) = ±Xb for internal edges e{b ^ 1) = {v{i),v{j)} of 
G, and nij G Pv{Xa) for other edges e(a 7^ 1) of F that contain v{j). The vertical 
translation induces an action of 5*^ on the space Gy(G)(Af[2,4]) of configurations 
of the vertices of G in Af[2^4], and the constraint maps are invariant under this 
action. Then if no vertex of G belongs to e(l), the product of the above elementary 
constraints maps, that only depend on the restriction of the configuration to V{G), 
goes to a space whose dimension is the number of half-edges of F that contain an 
element of G, that is the dimension of M^'"^\ that is greater than the dimension 

0fGv(G)(M[2,4])/5^ 

When a vertex of G belongs to e(l), and when the above map is a submersion, 
it becomes a local diffeomorphism on Cv{G){^I[2,i]) / '^^ ■ Then there are isolated 
preimages in Cv{g){M[2^4] )/ that provide isolated S'^-orbits of Gy(G)(M[2,4]) that 
must lie in the interior of Cv{g){M[2,a])- Then r{me) < 4. □ 

Thus intersection points in p{T, l)-i(G) naG(Af[o,4];r) ni?2(F) n • ■ -DHsniT) 
only occur inside codimension 1 faces of G(Af, F). 

Let us study some point P in this intersection. Its codimension one face corre- 
sponds to some connected subgraph F/ made of the vertices numbered in a set / and 
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the edges between two of these, as in Subsection [221 Define the graph r(/) = F/F/ 
obtained from F by identifying F/ with a point v{I). The vertices of F(/) are the 
vertices of F numbered in {!,..., 2n} \ I and the additional vertex v{I), and the 
edges of F(/) are the edges of F that are not edges of F/. The set i?(F) of edges of 
F is the disjoint union of the sets E{Tj) and i?(F(/)). 

Our face J^(F, /) fibers over the configuration space of the vertices of F(/) that 
form the set V{T{I)), and our intersection point projects to M^^^^^'^''\ The fiber 
is made of the infinitesimal configurations of / up to translation and dilation. The 
dimension of the fiber is (3jJ/ — 4) and the dimension of the base is 3(jjy(F(/))) — 
6n - 3ji/ + 3. 

Since the intersection is transverse, the edges give (6n — 1) independent con- 
straints on our intersection point P, where the edge numbered by 1 gives one of 
these constraints and each of the other ones gives two constraints. 

The constraints coming from the edges of r(J) only concern the base, while 
the constraints of E{ri) only concern the fiber except possibly for one edge (e(j) S 
E{rj)) where the constraint can read: "The point v{I) G Kj." 

In this case, this constraint is a constraint for the base, and j 1- If we have 
such an exceptional constraint S Kj" , set Xk — 1- Otherwise, set Xk = 0. 

If the edge e(l) belongs to E{Ti), set XA — 1, and if it belongs to E{T{I)), set 

Then we have 2^E{Ti) — 2xk — XA constraints on the (Sft/ — 4)-dimensional 
fiber. 

The transversality condition tells us that 2jjtE{Tj) — 2xk — Xa = 3jl/ — 4 that is 

A~2xk-XA^W -2iEiTi) 

where the right-hand side is the valency of the vertex «(/) in F(/) as a count of 
half-edges shows. This valency must be 4, 3, 2 or 1. 

The transversality also tells us that the map "direction of the edges" from the 
(3jj/ — 4)-dimensional fiber to the product of the images of the constraint functions 
must be a local diffeomorphism. 

In particular, unless jj/ = 2, there can be no vertex of valency 1 in F/ because 
moving this vertex in the direction of the unique edge incident to such a vertex 
would not change the image of the above map. 

Thus, either F/ is an edge, and this case will be treated by the IHX (or Jacobi) 
identification, or F/ is connected, all the vertices of F/ have valency 2 or 3 and 
there are x vertices of valency 2 where 1 < x ^ 4, and this case will be treated by 
the parallelogram identification. 

Let us explain how these classical identifications allow us to prove that the sum 
of the contributions of all such intersection points to 

V(C,{i/J)= J2 IriC,{H,}) 
re5„ 

vanishes in our setting. We start with the parallelogram case. 

Lemma 2.12. Let E be the set of codimension one faces J-(T, I) of spaces C(Af[o,4[, F) 
indexed by some (F, /) where F £ Sn, I is a subset o/{l, 2, . . . , 2n}, F/ is connected, 
the vertices ofTj have valency 2 or 3 and at least one vertex o/ F/ has valency 2. 
There is an involution p of E without fixed point such that the sum of the contribu- 
tions of the intersection points in two faces Ti and p{J'i) to V(C, {Hi}) vanishes. 
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Proof. Fix F and / as above. Let i be the smallest element of / such that 
the valency of v{i) in F/ is 2. Define the labelled graph p{T, I) € Sn from F by 
modifying the two edges e{a) and e{b) incident to v{i) in F/ as follows: if e(a) reads 



e{a)v{i)v{j) and if e{b) reads e{b)v{i)v{k) in F, then e(a) reads e{a)v{k)v{i) and 



Consider the orientation-reversing involutive diffeomorphism ipip) from J^(F,/) to 
/3(J-'(F, /)) that maps a point P to the point where the only changed piece of data 
is the position of v{i) in the infinitesimal configuration of / where v{i) is mapped 
to its symmetric with respect to the middle of the two (possibly coinciding) other 
ends of e(a) and e(b). The standard properties of a parallelogram guarantee that 
for any edge label j, p(F, j) = p{p{T, I),j) o (j){p) on J'(F, /). 



Consider a point P of J^(F,/) that contributes to /r(C, Recall that the 

chains C and Ha U k5{t)'K~^{Xa) are transverse to 9C2(M[o^4[). They are made of 
two kinds of pieces there: {-J/s,)ST{M)\Ka and s^(M; or Sr{M\Xa). 

Since our assumptions imply that the intersection is transverse, if fj/ > 2, P cannot 
be in the parts p(r, a)~^(S'T(M)|^J or p{r,h)~'^{ST{M)\Ki) because in this case 
the constraint coming from the other edge adjacent to P gives the direction of this 
other edge and stretching this other edge leads to a non trivial kernel of the con- 
straint map. Therefore, if ()/ > 2, the two edges can be assumed to be weighted by 
1 = ^I^Ty- Thus, when a point P as above contributes to the variation /r(C, {-ffi}), 
the point (p{p){P) contributes with the same beaded graph with the opposite sign 
to Ip(Yj){C, {Hi}). (Indeed, the product of the constraint maps only differs by the 
orientation-reversing diffeomorphism (/)(/5) of the faces, and the graphs are obtained 
from one another by an exchange of two edge labels and a possible simultaneous 
reverse of two edge orientations, for two edges beaded by 1.) If jj/ = 2, our assump- 
tions imply that F/ is made of two edges e(a) and e(6) between the two elements i 
and j of / like in the figure. 



In p(r, /), the orientations of both edges are reversed. Up to exchanging a and 6, 
P € p(F, a)-i(s^(M; X^)) n (- Ja)p(F, by^{ST{M)\Kt), and the rational functions 
are ±1 and ±Ja. 

Let us show that we have the same cancellation as before in this case. Let Kb x 
D}) denote a trivialised tubular neighborhood of Kb. Then the local constraint map 
associated to {—l/{JAS))Hb near S'T(M)|j^^ can be viewed as a map : ST{M) 
Db associated with the natural projection of Kb x Db to the disk £>(,. 

Let P' be a transverse intersection point in 



Let T] be the local degree of (ne5^b/e°P(r,e),/^op(F,&))|;F(r,/) at P', where the fe 
are local constraint maps associated to the He[JkS{t)Tr~^{Xe). Then P' contributes 



e(6) reads e{b)v{j)v{i) in p{T,I). Define p so that 

p(^(F,/))=J-(p(F, /),/). 







p{T, a)-\sr{M; Xa)) np(F, b)-\ST{M)^Kj. 
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as 

As before, the local degree of (He^h fe°p{p{^, I), e), op(p(r, 7), b))\j^(^p(^r,i),i) at 
(j){p){P') is {—rf) since this map is the composition of the former one by 4>{p)~^. 

Let i denote the orientation-reversing involution of C2(M) that extends the 
exchange of points in (M^ \ diag) and let ^5:2 denote the antipode of 5^. 

Focus on the edges e(a) and e(6). Without loss, consider r/ as the degree of 

faXfl: {ST{Dt) =r X A) ^ 52 X A 

where {ST{M) = dC2{M)) and ST{Di,) arc oriented by the orientation of er(&), 
and fa is the projection of ST{Db) on 5^ if the orientations of er(a) and erip) 
coincide, and its composition by bg^ otherwise. 

With these orientations and conventions, ep(r,7)(6) is equipped with 

-J^{t)i{ST{M)\K,) = -JA{t-')ST{M)\K, 
while (-?7) is the degree of (/„ o t) x {fl o l) = (152 o /„) x Then (j){p){P') 

contributes as {—rj) —^^^^^^^^^^^y- = (—77) —^^^^^^^ — . □ 

-JAit-^) 

Lemma 2.13. The intersection points of the faces J-'(r,/) where F/ is an edge do 

not make the sum z„ (Af, IC, r) vary, thanks to the IHX relation. 

Proof. Let / be the label of the unique edge of F/. Like in the previous 
proof, notice that an intersection point P in such a face cannot come from the 
p(T, f)-'^{ST{M)\Kf) part. In particular, the edge e(/) = Fj is beaded by 1. 
Consider the graph F(/) = F/F/. Its vertex v{I) has 4 incident edges e(a), e(5), 
e(c), e{d), and, with the natural identifications, in the initial graph F, e(/) goes 
from v(i) to v{j) where v(i) is incident to two edges among e(a), e(6), e(c), e{d) 
and v{j) is incident to the two other ones. For g = b, c oi d, let F^ be the graph 
of Sn such that T^{I = {i,j}) = F(7), and v{i) is incident to e{a) and e{g). It 
is enough to prove that the contributions of the possible intersection points of the 
three faces indexed by (F" , /) cancel in the sum V(C, {Hi}). Our intersection point 
P of C(M, F) will give a transverse intersection point in the three faces, with a 
common sign, and F^ F'^ and F'' arc oriented so that their vertex orientations 
coincide outside the disk of the following picture, and they are given by the picture 
for the two vertices there. Indeed the roles of the half-edges indexed by b, c and d 
are cyclically permuted. 

a, .d 

F": V\'-" ' and F-^: JuKj) 

□ 

Let us now prove that z„((M, M[i^8]), K, r, /m, e, (-ft^i)i) does not depend on 
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Proof. Let gu ■ M ^> S*^ be a map that coincides with Jm on gj. Then the 
graphs G{fM) and G{gM) of the restrictions of Jm and qm to M[o ij cobound a 4- 
chain Cm in Af[o,i] "S*^- QCm — G{gM)~G{fM)- The intersection of n{fM)~^{Xi) 
with M[o,i] X M[2,4] reads {(m, (gsl^, ^w(-'^i)), ^(i)-2(^j)/Af (™))); w G Af[o,i]'* ^ 
[2,4]}. Let C(CAf,X,) = A{Cm,X,) - B{Gm,X,) where 
A(CA/,Xi) = {(m, (gs(i,zw(X»)),^W^(Xi)c));("i,c) G Cm,* G [1-5,4]}, and 
B{Cm,X{) = {((q5(i,-^w(X*)),(^W^(^.))"'c),m);(m,c) e CM,t e [1.5,4]} 
oriented by (m,c,t). Define ij; so that H[ = {H, + dG{CM,X,)) n C2(Af[o^2])- 
As before, we can assume that, for any i 6 {!,..., 3n}, the -ffj(r) for j < i, 
p{r,i)~^{G{CM,Xi)) and the Hj{T) for j > i, are transverse. Then the sum over 
r £ Sn of the variations 

. . . , lHl_,,-lpiT, ir'C{GM,X,) n aC(M[o.4], r), Ih,+i, . . . , iffgn)^ 
odd do 

(where Hj and i/j stand for Hj(r) and Hj{r)) vanishes as above for any i e 

{1, . . . , 3n}, and z„ does not depend on the choice of Jm- O 

Now, Zn{M,K,T, e, {Ki)i) is a locaUy constant function of {e,{Ki)i) that is 
therefore a topological invariant of (M, K, r). 

2.7. The dependence on the trivialisation. We now compute the varia- 
tion of Zn(M, K, r) under a change of trivialisation. Let r' be a trivialisation that 
coincides with r on the tubular neighborhood Mji g] of K. We want to compute 
the variation caused by the replacement of the Hi by chains 7?^' of C2{M[q 2]) where 
dm = k5{t){sAM;X,) U -r4(M,,,)Voc.(M,o,,)(^^) " '^A(t)^T(M)|^;). There 
exists a cobordism a between Sr{M\Q^iy, Xi) and Sr'(M[o,i]; X^) in ST(Af[o,i]) |L3| 
Lemma 5.10], and there is a 5-chain Gi of C2(M[o.2]) such that 

dGi ^ H[- H,[Jk5{t)c,. 

Then 

3n 

5„(M,K,r')-z„(Af,K,T)= ^ ^V(r,i) 
where V(r, z) equals 

{Ih[,. . . , IhU, -ip(r,*)-i(c,) n 9C7(M[o,4], r), . . . , iHsn)A.c(Mx) 

d d 

like in the previous subsection. Now the proof of the previous subsection can be 
applied verbatim to cancel most of the contributions, except for the computation of 
the valency of v{I) in r(/), because if the tangent space of a point of AI is identified 
with via r, constraints associated with edges of F/ coming from chains H'^ or d 
constrain both the fiber and the base. Therefore, the valency of v{I) can be zero 
and this is the only case that is not covered by the cancellations of the previous 
subsection. In this case, F/ = F. Let J'(F) denote T{T, {1, . . . , 2n}). Then V(F, i) 
reads 

±{sr'{M; X,), Sr'{M; X,_,),p{r, z)-i(c,), s,(M; . . . , s,(M; X3„))A^(r)- 

In particular, (z„(Af, K, r') — z„(M, K, t)), that does not involve any coefficient 
or non-trivial bead, is the same as the variation in the case of the universal finite 
type invariant of rational homology spheres, that is — Pi{t'))^ like in |LT1 

Section 1.6]. This finishes the proof of Theorem 12.41 
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Appendix: A configuration space definition of the Casson- Walker 

invariant 

For r G R, let B{r) denote the ball of radius r in that is equipped with 
its standard parallelisation t^. A rational homology sphere TV may be written 
as B]^ '-'b(i)\b(i/2) where Bn is a rational homology ball, that is a connected 
compact (oriented) smooth 3-manifold with boundary 5^ with the same rational 
homology as a point, B^ is a 3-ball, Bn contains (i3(l) \B(l/2)) as a neighborhood 
of its boundary dB^ — dB{l), and B^ contains (5(1) \ -6(1/2)) as a neighborhood 
of its boundary dB^ = -dB{l/2). Let B{N) = Bat (3) be obtained from B{'S) by 
replacing the unit ball B{1) of R"^ by B^. Equip B{N) with a trivialisation tn 
that coincides with Ts outside Bjy. 

Let W he a, compact connected 4-manifold with signature and with boundary 

dW = Bn{3) U{i}xaB(3) (-[0,1] X dB{3)) U{o}xaB(3) (-^(3)). 

Define PiiT^) € iH^{W,dW;TT3{SU{4))) = Z) as the obstruction to extend the 
trivialisation of TW ® C induced by and Tjsr on dW to W. Again, we use the 
notation and conventions of (MS) , see also |L11 Section 1.5]. 

Let R'^(A^) be obtained from R'^ by replacing its unit ball B{1) by Bn. Let 
C2(R'^(A)) be obtained from R^(A)^ by blowing up the diagonal as in Defini- 
tion [TTT] Let P: C2(^^{N)) R'^(A^)^ be the associated canonical projection and 
let C2{B{N)) = P^^{B{Nf ). Consider a smooth map x: ^ [0,1] that maps 
] — oo, —2] to and [—1, oo[ to 1. Define 



PB(3)- B(3)2 \ diagonal 

llx(liv||-||c/||)y-x(l|c/||-l|v||);7|| 



(^jj y-j ^ X(ll^l|-||t^ll)^-x(l|t/||-||y|l)'^ 



This map extends to C2{B{3)) to a map still denoted by pb(3), that reads as the 
projection to S*^ induced by (see Subsection II. 5p on the unit tangent bundle of 
-6(3). A similar map pn can be defined on the boundary dC2{B{N)): The map pm 
is the projection to induced by tm on the unit tangent bundle of B{N), and the 
map Pat is given by the above formula, where we set || U \\— 1 when U ^ Bjq, for 
the other points of the boundary that are pairs (C/, V) of (y B{N)'^ \ diagonal) where 
U OT V belongs to dB{3) (therefore a possible point of Bn is replaced by G R^ 
in the formula). 

The following theorem, that gives a configuration space definition for the Casson- 
Walker invariant, is due to Kuperberg and Thurston |KT) for the case of integral 
homology spheres (though it is stated in other words). It has been generalised to 
rational homology spheres in [L2| Section 6]. 

Theorem 2.14. Let X, Y and Z be three distinct points of . Under the above 
assumptions, for V ~ X , Y or Z , the submanifold p]^^{V) of dC2{B{N)) bounds a 
rational chain Fj^_v in C2{B{N)), and 

Mi.T-,_ {FN,X,FN,Y,FN,z)c2{B{Ny) Pi{tn) 

It is easy to see that {Fn,x,Fn^^,Fisi^z)c2(b(n)) is a well-defined invariant of 
{N,tn). Indeed, C2{B{N)) has the same rational homology as ((R'^)^ \ diagonal) 
that is homotopy equivalent to S"^ via the map (a;, y) ^ \\y-x\\ • Therefore, C2(-B(A^)) 
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has the same rational homology as S^. In particular, since H'i{C2{B{N))\ Q) — {0}, 
the cycle p'^iV) bounds a rational chain in C2{B[N)) and, since 

i/4(C2(B(^));Q)-{0}, 

{Fn,Xj Fn,y, Fm,z)c2(b(n)) only depends on the non-intersecting boundaries of the 
Fn,v- 
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